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Abstract:  Condition monitoring vibration data is widely used to assess the 
health condition of the gearbox. The objective of this paper is to develop a 
scheme for early fault detection of a gearbox under varying load condition by 
considering multi-sensor vibration data. Time synchronous averaging (TSA) 
method is used to reduce the noise and then remove the periodic signals from the 
data. Several vector auto-regressive (VAR) models are fitted to the historical data 
obtained in healthy gearbox condition considering different load levels. After 
testing the independence and multivariate normality of residual data, a 
multivariate Hotelling’s T-squared control chart is applied to detect the early 
fault occurrence of a gearbox.  
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1.   Introduction 

A transmission gearbox is widely used in manufacturing. Fault detection is vital for 
maintaining system availability and avoiding expensive system failure [1, 2]. It has been 
found that a lot of work has been done in the area of vibration analysis for damage 
detection [3, 4]. Vibration data are mostly collected by accelerometers mounted on the 
shell of a gearbox. For rotating machines, the fault diagnostic system usually has many 
channels to obtain the sample signals simultaneously with high sampling speed, which 
leads to massive sampling data [5].   

Time synchronous averaging method is an important technique to remove the noise 
from the sampling data [6-8]. An overview of time series methodology can be found in 
many books [9]. The assumption is that the vibration caused by a healthy pair of gears can 
be modeled as a stationary time series. The non-stationary transients generated by the 
localized faults in gear teeth will be detected by modeling the stationary process and 
applying a reference model approach [10-12]. However, very few researchers considered 
the application of time series models under varying load with vector observations, which 
is common in practice.  

The purpose of this paper is to apply multivariate statistic process control methodology 
to diagnose early fault occurrence in a gearbox operating under varying load. Due to the 
fact that the load is approximately constant during the short sampling interval, this paper 
considers using several vector autoregressive models to approximate the vibration signal 
under varying load, assuming piece-wise constant load condition. The multivariate control 
chart [13-14] is applied to the residuals obtained from multiple VAR models for early 
fault diagnosis. This approach has not been used before.  
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The selected data represent test run 14 obtained from Pennsylvania State University. In 
each recorded file, the varying load is constant during the data recording time of 10 
seconds. If the load level is known from the output current, there is a stationary vector 
time series model associated with that load level. This makes it possible to separate the 
recorded data under different load conditions and fit several VAR models for particular 
load ranges, the union of which represents the total load range.  

The remainder of the paper is organized as follows. Section 2 briefly describes the 
experimental gear test rig and the data acquisition system used in this research.  In Section 
3, several algorithms are introduced to obtain the residuals from vibration data and test the 
conditions for applying the statistical process control methods. Section 4 presents the 
results using real vibration data. The conclusions and future works are summarized in 
Section 5. 

2.   Experimental Data Collection  

The studied vibration data was obtained from the Mechanical Diagnostic Test Bed 
(MDTB) [15]. The MDTB gearbox contained a 70-tooth driven helical gear and a 21-
tooth pinion gear. It was driven at a set input speed using a 22.38 kW, 1750 rpm drive 
motor, and the torque was applied by a 55.95 kW absorption motor.  

 
Figure 1: Testing Bed and Selected Triaxial Sensors 

The test-run #14 (Figure 1) was selected for this study. The gearbox was run at 100% 
output torque for 95 hours at constant load (with input speed 1750 rpm and output torque 
555in-lbs), then increased to 300% torque until failure in another 19.3 hours with varying 
load (with input speed 1750 rpm and output torque 1665in-lbs). The whole test took 114.3 
hours and 338 files of vibration data were collected in total. The gearbox was run under 
varying load from file 194 to 338 and shut down with eight broken teeth in the output gear 
(Figure 2). 

 
 

Figure 2: Broken Output Gear in Test Run #14 
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The triaxial accelerometer [A10 (axial), A11 (floor) and A12 (perp floor)] data are 
collected simultaneously from three directions on the gearbox and used to detect the fault. 
The data was sampled as the load dropped to 250%, 200%, 150%, 100% and 50% (Figure 
3). This study only considers the monitoring machine health condition under varying load 
situation, i.e., it considers the files from 194 to 338 from the 19.3 hours of data collection 
period. The file 212 is excluded since it was reported unreliable in MDTB due to some 
accelerometer problems [15]. The files of 194 to 246 were used to represent the healthy 
condition of the gearbox and the files 247-338 were used for the gearbox deterioration 
diagnostics.  

 

  

(a) (b) 
Figure 3:  (a) Output torque V05 and mean value of the drive motor speed V01 and 

 

 

 

(b) Four time series models 

 When the output current is constant, the vibration signal caused by the output load 
fluctuation is insignificant. However, when the output load is varying, it is difficult to 
determine whether the changes in vibration signals are caused by the varying load or 
indicate the early gear tooth deterioration. The output torque V05 and mean value of the 
drive motor speed V01 are shown in Figure 3a. The signal in Figure 3b is the zoom-in 
observation of the toque V05. The output torque and current are stable at each sampling 
epoch. By observing the signals from speed sensor (Figure 3a), the motor velocity 
fluctuated in the range less than 0.06%, which can be considered as a constant speed. 
After dividing the training files 194 to 246 (Figure 3b) into four groups: (250%, 300%), 
(200%, 250%), (100%, 150%) and (50%, 100%), each group may be approximated by 
assuming constant current. We then studied four time series models using files 194-246 to 
represent the vibration data under varying load. The files 247-338 were used to detect the 
gearbox failure.  

3.   Time Synchronous Averaging Algorithm and VAR Modeling Approach 

3.1 Time Synchronous Averaging  
 
Time synchronous averaging (TSA) [7] is a successful noise reduction technique useful 
for the development of schemes for detection of gear related faults. To extract repetitive 
signals from additive noise, this process requires an accurate knowledge of the repetitive 
frequency of the desired signal or a signal that is synchronous with the desired signal. The 
vibration data is then divided into segments of equal length associated with the 
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synchronous signal and averaged.  Suppose there are n data points in each vibration data 
file collected from a gearbox operating under a constant speed. The number of sampling 
points corresponding to one complete revolution of the gear of interest is described as 

𝐾 = � 𝑓𝑠
𝑓𝑚

𝑁𝑡�
�               (1) 

where 𝑓𝑠 is the sampling frequency, 𝑓𝑚 is the fundamental meshing frequency of the gear 
of interest, Nt is the number of teeth of the given gear, and ⌈⋅⌉ is the ceil function returning 
the closest higher integer. The number of cycles to be averaged can be obtained from 
𝑀0 = �𝑁

𝐾
� , where N is the total number of sampling points in each data file and ⌊⋅⌋ is the 

floor function returning the closest lower integer. In the time domain, the conventional 
TSA signal obtained from vibration data is given by 

𝑉𝑇𝑆𝐴(𝑘) = 1
𝑀0
∑ 𝑉(𝑘 + 𝑖𝑘)𝑀0−1
𝑖=0 , 𝑘 = 1,2, … , 𝑘                           (2) 

Generally, TSA is one of the most powerful techniques for extracting the desired 
periodic signals from the original signal. Consider the following model 

𝑥(𝑡) = ∑ 𝑋𝑘(1 + 𝑎𝑘(𝑡))𝑐𝑜𝑠(2𝜋𝑘𝑓𝑚(𝑡) + 𝛩𝑘 + 𝑏(𝑡))𝐾
𝑘=1              (3)

 where Xk is the amplitude of the kth meshing harmonic, ak(t) is the amplitude modulation 
function of the  kth meshing harmonic, fm(t) is the average meshing frequency, Θk is the 
initial phase of harmonic k, b(t) is phase modulation function of the k th harmonic. If 
𝑓𝑚 is the meshing frequency, then 𝑓𝑚 = 𝑁𝑡𝑓𝑠ℎ𝑎𝑓𝑡, where Nt is the number of gear teeth, 
and fshaft is the shaft rotation frequency. This vibration model assumes that fshaft  is a 
constant. In most systems, there is some variation in the shaft speed due to changes in 
load. In order to accurately detect gear tooth damage, several methods need to be used in 
combination. Here we consider the time synchronous averaged (TSA) data with the 
meshing frequency and its harmonic frequencies removed. After removing the mesh and 
its harmonic frequencies [16-18], the techniques are designed to test the early fault 
detection performance of two parameters for tri-axial sensors. These two parameters are 
the RMS value of TSA filtered data and the RMS value of VAR model residuals.  

3.2   Modeling and Computation of Residuals 

The three dimensional observed healthy data histories 𝑍 = (𝑍1𝑡 ,𝑍2𝑡 ,𝑍3𝑡)′, 𝑡 = 0,1, … ,𝑇, 
have the following representation 

𝑍𝑡 = 𝜇 + ∑ ∅𝑟𝑍𝑡−𝑟 + 𝜀𝑡
𝑝
𝑟=1                                          (4) 

where εt  are i.i.d. 𝑁3(0,𝛴) , p  is the lag which determines the model order, ∅𝑟 is the 
coefficient matrix, 𝛷𝑟 ∊ 𝑹3×3, and the mean and covariance model parameters 𝜇 ∈ 𝑅3 and 
𝛴 ∈ 𝑹3×3. We can rewrite the Eq. (4) in a general way  𝑊 = 𝜙𝐴 + 𝐸 ,  
where   W = [Zp, Zp+1, … , ZT], 𝜙 = [µ,𝜙1,𝜙2, … ,𝜙p], 𝐸 = [εp, εp+1, … , εT], and 

A =

⎣
⎢
⎢
⎢
⎡

1
Zp−1
Zp−2

1
Zp

  Zp−1

⋯⋯
⋯

1
ZT−1
ZT−2

⋮         ⋮ ⋱ ⋮
Z0      Z1 ⋯ ZT−p⎦

⎥
⎥
⎥
⎤

. 

Lütkepohl [9] showed that the least squares estimates for Φ and covariance matrix 
Σ = cov(εt) are given by: 

𝛷� = 𝑊𝐴′(𝐴𝐴′)−1         (5) 
 𝛴� = (𝑇 − 3𝑝 − 1)−1�𝑊 − 𝛷�𝐴�(𝑊 −𝛷�𝐴)′            (6) 
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There are several information criteria available to determine the order 𝑝 of a VAR 
model. Akaike [19] suggested measuring the goodness of fit for the model by balancing 
the error of the fit against the number of parameters in the model. For VAR (p) model, 

AIC = ln�σ�p2� + 2pD2

T
                  (7) 

𝜎�𝑝2 𝑖s the maximum likelihood estimate of 𝜎𝜀2, which is the covariance matrix of εt, and T 
is the sample size, D is the dimension of the time series. The function of Bayesian 
information criterion (BIC) [20] is defined as follows: 

𝐵𝐼𝐶 = 𝑙𝑛�𝜎�𝑝2� + 𝑙𝑛𝑇
𝑇
𝑘           (8) 

where 𝜎�𝑝2 is the error covariance matrix, k is the number of estimated parameters in the 
model. 

It is important to note that the VAR model is fitted only to the healthy portion of the 
data histories, and, using this stationary VAR model, the residuals are computed for both 
the healthy and unhealthy portions of the data histories. The advantage of this reference 
model approach is that it is not necessary to accurately determine the exact change point 
time from the healthy to unhealthy state. We just need to conservatively select a sufficient 
amount of healthy data to build a stationary VAR model. The idea is that when the system 
does in fact move to an unhealthy state, the characteristics of the residuals will change, 
signalling system deterioration.  

Using parameter estimates 𝛷�,𝛴�, �̂� , we define the residual process 
𝑌𝑛𝛥 ≔ 𝑍𝑛 − 𝐸𝛷� ,𝛴� ,𝑝�(𝑍𝑛|�̅�𝑛−1) , where �̅�𝑛−1 = (𝑍1, … ,𝑍𝑛−1) . The residuals are then 
computed for the complete gearbox running history. Next, multivariate Ljung-Box 
portmanteau test (Q-test) is performed to determine whether the model residuals are 
independent and identically distributed random variables. The null hypothesis of the 
Ljung-Box test is that all noise terms at different lags up to lag s are uncorrelated. Given 
an 3-dimensional VAR (p) model, the Q-test statistic, in the form introducing by 
Hosking[21], is given by:  

𝑄�𝑚 = 𝑛2 ∑ (𝑛 − 𝑙)−1𝑡𝑟{𝜌�𝜀′(𝑙)𝛴−1𝜌�𝜀(𝑙)𝛴−1}𝑚
𝑙=1         (9) 

where tr(A) is the trace of the matrix A,  ρ�ε(l) is the residual cross-correlation matrix,  

𝜌�𝜀(𝑙) = 𝑉�𝜀
−12𝐶𝜀𝑉�𝜀

−12, Cε(l) is the residual cross-covariance matrix, 𝐶𝜀(𝑙) = 𝑛−1 ∑ 𝜀𝑡𝑛−𝑙
𝑡=1 𝜀𝑡+𝑙, 

𝑉�𝜀 = 𝐷𝑖𝑎𝑔(𝜎�112 , … ,𝜎�332 ) ,  𝜎�𝑖𝑖2  are the diagonal elements of 𝛴� , n is the number of 
observations and m is the lag order. The asymptotic distributions of  𝑄�𝑚 is chi-squared 
with 𝑘2(𝑚 − 𝑝) degrees of freedom. 

To test the multivariate normality, the Henze-Zirkler Multivariate Normality test is 
applied. The test is based on a nonnegative function 𝐷(. , . )that measures the distance 
between two distribution functions and has the property that  
𝐷(𝑁𝑑(0, 𝐼𝑑),𝑄) = 0 
if and only if  
 𝑄 = 𝑁𝑑(0, 𝐼𝑑), where 𝑁𝑑(𝜇,𝛴𝑑) is a d-dimensional normal distribution. The test statistic 
can be found in Henze’s paper [22]. 

3.3.  𝑻𝟐 Control Chart Development 

Statistical process control technique, such as the one based on Hotelling’s T-squared 
multivariate control chart, is used to localize irregularities caused by faults. This statistical 
control method is an analog of the univariate Shewhart control chart for monitoring the 
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mean vector of the process. Let 𝑁𝑝(𝜇,𝛴) denote a p-variate normal distribution. Assume 
the process is monitored by observing a vector 𝑋′ = (x1, … , xn) ∼ Np(µ� , Σ�). It can be 
shown that 

(𝑥𝑖 − �̂�)′𝛴�−1(𝑥𝑖 − �̂�) ∼ 𝑇2         (10) 

where the common estimates of �̂� and 𝛴� are �̂�𝑝×1 = 1
𝑛
∑ 𝑥𝑖𝑛
𝑖=1  and Σ�p×p = 1

n−1
∑ (xi −n
i=1

µ)(xi − µ) ′. 
The application of 𝑇2  control chart is conducted in two phases: the control limit 

establishment phase, and the monitoring phase. The first phase focuses on obtaining an in-
control set of model residuals so that the calculated control limit can be used in phase two 
for monitoring the residual process of future vibrations. The phase one control limit for 
the 𝑇2 control chart is given by: 

𝑈𝐶𝐿 = 𝑝(𝑛+1)(𝑛−1)
𝑛(𝑛−𝑝)

𝐹𝛼,𝑝,𝑛−𝑝                    (11) 
where 𝐹𝛼,𝑝,𝑛−𝑝  represents an 𝐹 distribution with 𝑝  and 𝑛 − 𝑝  degrees of freedom with 
significance level 𝛼 . If T2 > 𝑈𝐶𝐿 , then stop and investigate. The estimated �̂�  and 𝛴� 
obtained at the end of phase 1 are used to calculate  𝑇2  statistic using equation (10) for 
each new observation.  

4.   Numerical Results  

4.1. VAR Modeling for Piece-wise Constant Load Vibration Data 

To apply the TSA method, the 𝑓𝑠, 𝑓𝑚, 𝑁𝑡 should be computed to determine the length of 
averaging signal. With the meshing frequency 𝑓𝑚 = 612.5𝐻𝑧, the round-off value K 
equals 2285. After removing the gear meshing frequency and its harmonics, each 
revolution of the TSA filtered signal of the data file is used to build the VAR model. Four 
VAR models have been built for four current conditions: (250%, 300%) (200%, 250%), 
(100%, 150%) and (50%, 100%) (see Figure 3b). For example, the model 4 contains six 
residual signal files (file 204, 205, 218, 219, 232, 233) with 13710 three dimensional data 
values. The orders of the VAR models are determined using both AIC and the BIC 
information criteria (see Table 1, Figure 4).  

Table 1: Vector Autoregressive Models selected with AIC and BIC Minimization 

 Model1 Model2 Model3 Model4 
AIC 291 152 131 210 
BIC 69 69 54 67 
 

This computation was conducted using statistical software R2.14.1. The dot point 
determines the preferred vector autoregressive model lag number with minimum AIC 
value. The autocorrelation and cross correlation values are all within the bounds which 
indicate that the lag value chosen for the VAR model is appropriate. The multivariate 
Ljung-Box statistics of model residuals show that the selected lags for VAR models are 
adequate for describing the data. Multivariate Ljung-Box tests applied to AIC selected 
VAR model give better results than for the models with BIC selected order. Therefore, the 
fitted models are selected by AIC with lags: 291, 152, 131, and 210. VARX model has 
also been tried in this research to model the multivariate data, where the varying load was 
enveloped and considered as the exogenous input. However, the AIC and the BIC values 
have been large using both Matlab and R softwares when estimating the best model order. 
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Figure 4: Four VAR models order selections using AIC criterion 

 

  
(a) (b) 

Figure 5:  RMS analysis comparison: (a) Before VAR modeling and (b) After VAR modeling 

Root-mean square and kurtosis statistics are two common tools to diagnose the 
gearbox condition. Here we use root mean square indicator to evaluate the performance of 
the VAR model first. Figure 5a shows that RMS values of the TSA filtered signal do not 
indicate any early fault before file 290. In Figure 5b, after applying VAR modeling, the 
RMS parameter shows better indication of fault detection. The RMS values of all three 
sensors indicate the first increasing peak on file 284 (Figure 5b) as well as evidence of 
damage on file 296. McClintic’s paper [23] shows boroscope images of teeth damage. The 
first broken tooth was actually observed at 109 hours, which was on file 296. The second 
broken tooth was observed on sampling file 323. Finally, 8 broken teeth were found on 
data file 338, which was collected at the end of running time after 114.3 hours. Figure 5b 
shows peaks in each case mentioned in McClintic’s paper. This comparison means that 
the RMS parameter after VAR modeling performs very well to detect the significant fault 
in this case. In terms of the early damage detection, K. McClintic et al.’s works were only 
able to detect the early fault on file 290 at 108 hours, while our method indicates the 
incipient fault occurrence on file 284.  
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4.2  Hypothesis Testing and the Application of Statistical Process Control Method 

We consider the residuals from the time series models selected using the AIC criterion as 
the steady-state process where the training data file residuals (194-246) were used to 
develop the process control limit. The testing data file residuals (247-338) were used to 
detect the failure. The parameters (�̂�, Σ�) in equations (10) were estimated using residual 
RMS values of training files (194-246). Here, 𝑥 represents RMS value of each sampling 
file, which is the individual vector observation as 𝑝 = 3  and 𝑛 = 52. After estimating 
𝜇, Σ from these files, we computed the 𝑈𝐶𝐿  to control the incoming testing file RMS 
variables. Furthermore, in order to check the independence and normality assumptions for 
sampling variables 𝑥𝑖, the independence test [24] and normality test for RMS variables up 
to file 284 were conducted. The independence test for RMS variables was computed using 
R 14.1 function Hosking with significance level 0.05 and obtained p-value was 0.1318. 
We used Henze-Zirkler Multivariate normality test for residual RMS data and obtained 
the p-value of 0.1702. The control chart shows that vector data on file 284 was an outlier 
(Figure 6).  

 
 

Figure 6: Hotelling’s T-squared Control Chart 
 

From Figure 6, the gear is in unhealthy condition starting with vibration file 284. Our 
result matches Yang’s [25] conclusion for incipient failure detection. Our results 
confirmed that the combination of TSA and multiple VAR models can be used to obtain 
stable residuals from multivariate vibration data under changing load. The detection of the 
early fault of the gearbox can be done by using multivariate Hotelling’s 𝑇2control chart.  

5.   Conclusions 

In this paper, an early fault detection scheme for a gearbox has been proposed by utilizing 
multivariate vibration data obtained under varying load condition. Time synchronous 
averaging was applied to remove the noise and any other non-synchronous disturbances in 
the vibration signals. Considering the varying load situation, the multivariate vibration 
data has been divided into four groups. Each group is associated with a load within certain 
range. In order to obtain iid and normally distributed data, vector autoregressive model 
has been fitted to each group and residuals were calculated which satisfied the conditions 
required for using statistical process control method. A fault detection scheme has been 
developed by using this method and applied to the signal residuals considering real 
complete vibration data histories with very good results.  

Triaxial sensors with varying load data have not been used in many papers. Most 
vibration monitoring techniques have been developed considering single axis sensor data 
analysis. This approach demonstrates that multivariate time series modeling is capable of 
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removing the correlation between three physical recording axes. The time series modeling 
enables analyzing and monitoring of system condition in all three directions using the 
RMS values. It has also been recognized that different locations on gearbox housing will 
provide different vibration signals. Our findings indicate that statistical parameters from 
different sensors have different early fault detection capability. In order to give accurate 
early indication of potential problems, the multivariate analysis technique combined with 
multi-level VAR modeling is a suitable choice for the varying load situation.  

Hotelling’s 2T  chart used in this research is a traditional process control technique to 
control industrial processes. It is a non-Bayesian technique which is not optimal. Makis 
[26] proved that the multivariate Bayesian control chart is the optimal tool for decision 
making in the area of quality control. The development of an optimal Bayesian technique 
for an early gearbox fault detection using multivariate vibration data is a suitable topic for 
future research in this area. 
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